with the topology of pointwise convergence. When A is infinite we can take, without loss of generality, A= Nand in this case Aut( A ) is a closed subgroup of S 00 . Conversely, every closed subgroup of S 00 is of that form for an appropriate A (with A= N).
(c) U(H), the unitary group of a separable Hilbert space H , with the weak (or equivalently strong) topology.
(d) H(X) , the homeomorphism group of a compact metrizable space X, with the uniform topology.
(e) Iso(X , d), the isometry group of a complete separable metric space (X, d) , with the pointwise convergence topology.
(f) Aut( X , J.L) (resp. Aut* (X , J.L)), the group of measure preserving (resp. nonsingular, i.e., null set preserving) transformations of a standard probability measure space (X , J.L) (X is a standard Borel space, i.e., a Polish space equipped with its 0'-algebra of Borel sets and J.L is a .Borel probability measure on X). These can be viewed, by the usual association of a unitary operator to e~h transformation, as closed subgroups of U(L 2 (X, J.L)), up to (topological group) isomorphism.
We often consider subclasses of Polish groups with various additional nice properties. These can have algebraic flavor, as, for example, the classes of abelian, nilpotent, and solvable groups, or topological flavor, as, for example, the classes of locally compact, admitting invariant metric (which must necessarily be complete) , or admitting complete left-invariant metric Polish groups. See Becker [1998] for a more complete exposition. Here are the inclusions among these classes: abelian ~ nilpotent ~ solvable, abelian ~ inv. metric, l.c. U solvable U inv. metric ~ l.inv.complete metric ~. Polish.
Another interesting class of Polish groups consists of those which have a countable local basis at 1 consisting of open subgroups. These are exactly the closed subgroups of 8 00 or equivalently the automorphism groups of countable structures (up to isomorphism). See Becker-Kechris (1996] .
Finally, there is a universal Polish group: T h eorem {Uspenskii (1986] 
B Polish and Borel G-spaces
Definition. Let G be a Polish group. A Polish G-space is a Polish space X together with a continuous action of G on X. A Borel G-space is a standard Borel space X together with a Borel action of G on X.
There are two basic facts concerning Polish and Borel G-spaces.
The orem (Effros (1965] ; see also Becker-Kechris (1996] ) . Let G be a Polish group and X a Polish G-space. For each x EX, the following are equivalent, where Gx = {g : g · x = x} is the stabilizer of x;
is a homeomorphism of the Polish space GfGx onto G · x (or equivalently the map g f-+ g · x is open from G onto G · x}; (ii) G · x is not meager in its relative topology;
(iii) G · x is G6 in X.
Corollary. If G · x is not meager {in X), then it is G6 in X.
Theorem (D. Miller (1977] ; see also Kechris (1995] 
). Let G be a Polish group and X a Borel G-space. Then Gx is closed and G · x is B orel in X.
However, in general, the orbit equivalence relation
is (analytic but) not Borel.
Given a closed subgroup G s; H of a Polish group H , there is a canonical "minimal" way to extend a given G-action to an H -action, called the induced action. This construction is quite useful in showing that various properties of Polish groups with respect to their actions are hereditary, i.e., are inherited by their closed subgroups.
The orem (Mackey (1966] ; see also Becker-Kechris [1996] 
The space X is denoted by H x a X and can be realized as follows:
X= (H x X) / G := the orbit space of the a.ction of G on H x X given by
, with the quotient Borel structure; the action of H on X is given by
Moreover, identifying X with i(X), note that every H-orbit of Y contains a unique G-orbit of X , a fact which is often quite useful.
One also has the analog of the preceding theorem in the topological context.
Theorem see Becker-Kechris [1996] Then the infinite produce G-space
is universal; see Becker-Kechris [1996] .
Proof In fact we will show that any Borel action of G on a separable metriz- 
with the topology it inherits as a subset of [0, 1jG (with the product topology),
Then .C( G) is a compact Polish G-space and is universal.
Realization 3 (Gao [1996] 
It turns out that G with this action is a compact Polish G-space.
Consider K(G) , the hyperspace of all compact subsets of G with the Vietoris topology, which is a compact metrizable space. G acts continuously on it by g · K = {g · x : x E K} and so K( G) is a compact Polish -G-space. Let
that u~ is universal.
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Realization 4, for Polish locally compact G (Mackey [1962] , Varadarajan [1963] ) . Let G be Polish locally compact, J-Lc its Haar measure and put the unit ball of L 00 (G,p,c) with the weak*-topology, and G acting on Ua by left-shift again. Then U{; is a compact Polish G-space which is universal.
D Applications
We will now present some applications of the universal space. T heorem (Tarski; see Wagon [1993] ). For any group G and any G -space X, the following are equivalent:
(i) There is a finitely additive probability measure on X (defined for all subsets of X) which is G-invariant; ( ii) X is not paradoxical.
The problem has been raised (see, e.g., Wagon [1993) S , An B = 0. Is it true that X is not countably paradoxical iff there is a (countably additive) probability measure on (X, S) which is C-invariant?
In this generality it turns out that the answer is negative (see Wagon [1993) ), but one can use the existence of universal actions and a theorem of Nadkarni [1990] to show that one gets a positive answer in regular situations.
Theorem (Becker-Kechris [1996) ) . Let G be a Polish group and X a Borel G-space. Then the following are equivalent:
(i) There is a Borel probability measure on X which is G-invariant;
(ii) X is not countably paradoxical (for the class of Borel sets). Nadkarni [1990] essentially proves this result in the case G is countable . . For the general case, the existence of a Polish universal space shows that every Borel C-space is Borel isomorphic to a continuous action of G on a Borel set in a Polish space. One can then apply Nadkarni's theorem to a countable subgroup of G and a straightforward continuity argument to complete the proof.
Embedding Polish G-spaces
Now let X be a Polish C-space (G a Polish group). Is it possible to C-embed topologically X into a compact Polish C-space Y? The answer is positive if G is locally compact (see deVries [1978] and Megrelishvili [1989) ). Solving a related old problem in the theory of transformation groups, Megrelishvili [1988] showed that the answer is in general negative. Very recently, Scarr [1998] has in fact shown that for a Polish group G, G is locally compact iff every Polish C-space can be C-embedded topologically into a compact Polish C-space. Considering the embedding in the universal space given by Kechris Realization 2, Hjorth and Kechris {see Hjorth (1999a] ) proved the following facts:
Theorem (Hjorth-Kechris; see Hjorth (1999a] 
(So 1r just misses being a homeomorphism, as expected by Megrelishvili's result.) Proof. Let p be the composition of the embeddings of Realizations 1,2, i.e., p = (Pn), where
We first check that p :
and n such that x E Un and for any h with d(1, h) < c we have h-
For the proof that pis Baire class 1 it is enough to check that for each n , g E G, a E JR, the set {x : Pn(x)(g) <a} is open and the set {x :
is Fer. The first is straightforward from the definition. For the second, notice (since the sets of the form { x : Pm ( x) (g) < a} are in r). We can denote this set by< n;m1,g 1 ,a 1 ; ... ;mk, gk , ak >. To show that (X,r*) is Polish, by the Choquet Criterion it is enough to show that II wins the strong Choquet game for this space (see Kechris [1995] ) .
We describe his strategy below:
If I plays x1 , < n The answer was known to be positive for locally compact G (see deVries [1975] ). Very recently Hjorth [1999b] solved this, affirmatively again, for any Polish group G.
Lecture II A An Equivariant Version of Kuratowski's Theorem
We will discuss here the "changing the topology'' idea, which is quite useful in numerous contexts. We first recall a classical result of Kuratowski, which has many applications in descriptive set theory (see, for example, Kechris [1995] 
where "3* g E U" means "there exist nonmeager many g E U" and "V* g E U'' means "there exist comeager many g E U''.
An important point is that for X a Borel G-space and P Borel, P 
Lemma 2 (Becker-Kechris [1996] Let now B = f-
, where U 1 = {N E U : 1 EN}, and so by Lemma 1, f: (X, rt)--+ Y is continuous and we are done.
-{
We will now discuss two particular cases of this result.
Corollary (Becker-Kechris [1996] Miller [1977] and, for locally compact G, by Ramsay [1985] .
Corollary (Becker-Kechris [1996] Proof. Apply t he theorem for X, Y = {0, 1}, the trivial action of G on Y, g · y = y , and f :
-l This is again due to Kuratowski for G countable and to Sami [1994] for G = S.~o · Some of Sami's ideas here have found their way in the proof of these more general results. Proof. Simply notice that G 9 .z = gGxg-1 and apply the theorem.
B An Application
We will use this last corollary to provide a somewhat simplified and streamlined proof of the following descriptive strengthening of a measure theoretic result of Feldman-Hahn-Moore [1979] . This version of the proof was motivated by a communication of Ramsay. Theorem. (Kechris [1992] Kechris [1995] To prove the existence of Tn we use some descriptive set theory. Although in general it is not true that a closed equivalence relation has a Borel transversal, there are special circumstances under which this happens and these are satisfied here.
Definition. Let E be a Borel equivalence relation on the standard Borel space X. We say that E is idealistic if one can assign in a Borel way to each E-equivalence class C a a-ideal Ic of subsets of C with C r¢. I c. (In a "Borel way" means that if A<;;; E is Borel, so is {x: AxE I[x]E}.) Theorem (Kechris [1995] 
). Let E be a smooth Borel equivalence relation on a standard Borel space X. If E is idealistic, then E has a Borel transversal.
Finally, notice that each Rn is idealistic, since for each Rn-equivalence class C we can choose x E C and define:
Notice that this is independent of x, by the translation invariance of meagerness. Also C r¢. Ic , since no open set in G is meager.
-l

Lecture III
We will study from now on the orbit equivalence relation Ec of a group action and the orbit space X/G =X/ Ea.
A Complexity of the Orbit Equivalence Relation
For G a Polish group and X a Borel G-space, let xE §y ¢:? xEcY ¢:? 3g(g · x = y) be the orbit equivalence relation. Recall that every orbit, i.e., every Beequival ence class, is Borel. However we have:
Theorem (Folklore) . The equivalence relation Ec is analytic but not zn general Borel. Proof. Consider the logic action on structures of the form (N, R) , i.e., on the space 2N 2 • It can be shown that the corresponding Ec is not Borel (see, e.g., Kechris [1995] ).
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Under what circumstances is Ec actually Borel? Here are some well-known special cases (see Kechris [1995] ).
Proposition. Ec is Borel if the action is free or if G is locally compact.
The following result characterizes when Ec is Borel.
Theorem (Becker-Kechris [1996] ). Let G be a Polish group and X a Borel G-space. Then the following are equivalent:
Idea of the Proof. (ii) => (i) is classical. We sketch the proof that (i) => (ii),
which is motivated by model theoretic ideas. For each x E X, we fix a countable Boolean algebra Bx of Borel sets, which depends "uniformly in a Borel way'' (this is where the Borelness of Ec is used) on x, such that G · x E Bx, B~ ~ Bx (with U a countable basis for G), and the topology generated by Bx is Polish. By Becker-Kechris [1996] , the topology Tx generated by B~ is Polish and the action is continuous for (X, rx)· Since G·x = (G·x) Although in general Ec is not Borel, one has the following "approximar tion".
Theorem (Becker-Kechris [1996] The proof of this result uses the descriptive set theory of co-analytic sets.
B The Topological Vaught Conjecture
This is a basic question concerning the "effective" or "definable" cardinality of the orbit space XjG.
The Topological Vaught Conjecture (D. Miller, 1977) . Let By TVC( G) we abbreviate the statement that the above holds for the Polish group G, and we let TVC ¢:? VG TVC(G).
By the results in Lecture II, TVC( G) is equivalent to its formulation for Borel G-spaces.
The TVC generalizes the famous Vaught Conjecture (VC) in model theory, which is the assertion that a first-order theory has either countably many or continuum many countable models (up to isomorphism). By Lecture I this is a special case of TVC(S 00 ).
Both TVC and VC are open. We discuss below some progress that has been achieved to date.
First we remark that the analog of the TVC fails for analytic equivalence relations. However it holds for co-analytic equivalence relations. In particular it holds for Borel ones.
Theorem (Silver [1980) ) . Let X be a Polish space and E a co-analytic equivalence relation on X . Then either E has countably many classes or else perfectly many classes.
Idea of the Proof (due to Harrington). By a standard result of Mycielski, Kuratowski (see Kechris [1995] ) an equivalence relation on a "reasonable" topological space S which is meager (in S2) has perfectly many classes.
One now defines a new second countable "reasonable" topology T on X, extending its given Polish topology, which is generated by a suitably chosen countable family of analytic sets. This is a version of the so-called GaudyHarrington topology, which is defined using concepts of effective descriptive set theory. Then let W = UceX/E IntT(C 
Corollary. TVC(G) holds for Polish locally compact G.
In another direction, but still making use of Silver's Theorem, Sami [1994] proved TVC( G) for every abelian Polish group G. This was extended by Hjorth-Solecki (1999] , who proved that TVC(G) holds for all nilpotent Polish groups and all Polish groups admitting an invariant metric. Finally, very recently, Becker [1998] proved TVC( G) for all Polish G which admit a complete left-invariant metric, and Hjorth [1997c] proved TVC(G) for all Polish G with no closed subgroup which has 8 00 as a quotient, which is the widest class of groups known to satisfy the TVC to date.
C Glimm-Effros Dichotomies
A basic problem concerning a given G-space X is the "classification" of members of X up to orbit equivalence by "invariants" . This is a special case of the more general problem of classifying elements of a given standard Borel space X up to some equivalence relation E defined on that space.
Definition. Let E, E' be two equivalence relations on standard Borel spaces X, X'. We say that E is Borel reducible toE', in symbols.
Intuitively, E 5: 8 E' can be interpreted as meaning any one of the following:
(i) E has a simpler classification problem than E': any invariants for E'
work for E as well (after composing with f) .
(ii) One can classify E-equivalence classes by invariants which take the form of E'-equivalence classes.
(iii) The quotient space X/ E "Borel embeds" into the quotient space X'/ E', so X/ E has "definable cardinality" less than or equal to that of X' j E'. Notation. If the function f above is actually 1-1 we put E !;;;s E'. If it is moreover continuous, we let E !;;;c E'.
In this notation, we can restate Silver's Theorem as follows: Let for each set A, ~(A) be the equality relation on A. Then for every co-analytic equivalence relation on a Polish space X, we have that exactly one of the following holds:
Definition. Let E be a Borel equivalence relation on a standard Borel space X. We call E concretely classifiable or smooth if E ~B ~(Y) for some standard Borel space Y (or equivalently if E has a countable Borel separating family {An}, i.e., xEy ¢:? Vn(x E An¢:? yEAn)) .
So if E is smooth, there is a Borel function f :
Borel space) such that
Thus we can classify elements of X , up to E-equivalence, by invariants, computed in a Borel way, which are members of some standard Borel space.
Note the following equivalent formulation in the case of actions.
Theorem (Burgess (1979] ; see also Kechris (1995] ). Let G be a_Polish group
and X a Borel G-space. Then if Ec is Borel, Ec is smooth iff Ec has a Borel transversal.
This is a special case of the last theorem discussed in Lecture II.
Definition. Eo is the following equivalence relation on 2N:
xE 0 y ¢:? 3nVm;::: n(x(m) = y(m)). This is (essentially) the equivalence relation induced by the odometer map and can be thought of as the combinatorial version of the classical Vitali equivalence relation on (0, 1] : xEvy ¢:? 3q E Q(q + x = y).
We now have
The Glimm-Effros Dichotomy (Effros (1965 (Effros ( ], (1981 (II) Eo !;c Ec.
Alternatives (I) and (II) also have the following equivalents:
(I) (a) all the orbits are G6; (b) all the orbits are locally closed (i.e., the difference of two closed sets);
(II) There is an Be-ergodic non-atomic probability measure on X.
Kechris
One can derive the preceding result from the following theorem, which can be proved by a combinatorial construction.
Theorem (Becker-Kechris [1996] To see how to prove the Glimm-Effros Dichotomy from this, consider the generic ergodic decomposition of X, i.e. , define the following equivalence relation:
It is easy to see that Ea (2 Ea) is a Gs equivalence relation, whose equivalence classes are (of course) Gs sets on which the G-action is minimal (i.e., all orbits are dense). If Ea = Ea, then every orbit is Gs, so the map x ~---+ [x]Eo (from X into the standard Borel space F(X) of all closed subsets of X with the Effros Borel structure) shows that Ea is smooth. Otherwise, one Eoequivalence class, say C , contains at least two orbits and since every orbit if Fu and dense inC, it follows, from the Baire Category Theorem, that every orbit inC is meager, so by the Kuratowski-Ulam Theorem, EaiC is meager (in C 2 ), so Eo i;c EaiC and thus Eo i;c Ea.
In 1990 the Glimm-Effros Dichotomy has been extended to the general context of Borel equivalence relations.
Theorem (Harrington-Kechris-Louveau [1990] ). Let E be a Borel equivalence relation on a Polish space X. Then exactly one of the following holds:
Moreover, (I) is equivalent to the existence of a Polish topology a on X, extending its given topology, so that E is closed in a, and (II) is equivalent to the existence of an E -ergodic, non-atomic probability Borel measure on X.
The proof uses the "change of topology" idea. One defines, as in the proof of Silver's Theorem, a new topology r, using effective descriptive set theory, and then considers E in (X 2 ,r 2 ): If E is closed in (X 2 , r 2 ), then it turns out that E is smooth, while otherwise one can show that Eo i;c E . [1970] ).
Theorem (Becker, Hjorth-Kechris [1995) (II) Eo r::;:;c Ea.
In another direction, one can recover the original Glimm-Effros Dichotomy, for arbitrary Polish G-spaces, by considering restricted classes of groups G, which are somehow nicer.
To motivate the next definition, notice that if X is a Polish G-space with Ea in Fu and the action is minimal, then if one orbit is non-meager, the action is actually transitive. This, by using the generic ergodic decomposition, implies the Glimm-Effros Dichotomy in the following strong form: either every orbit is G6 or Eo r::;:;c E.
Definition. We say that a Polish group G is aGE-group if every minimal
Polish G-space with a non-meager orbit is transitive.
Definition. We say that the Polish group G satisfies the strong Glimm-Effros
Dichotomy if for every Polish G-space X one of the following holds: every orbit is G6 or Eo r::;:;c Ea.
Thus every GE-group satisfies the strong Glimm-Effros Dichotomy. The following are known to be G E-groups: (i) locally compact groups (since then Ea is Fu);
(ii) (Hjorth-Solecki [1999] ) nilpotent or having an invariant metric groups; (iii) (Hjorth [1996] ) countable products of locally compact Polish groups.
Solecki has shown that every GE-group admits a complete left-invariant metric. However Hjorth-Solecki [1999] have found examples of solvable Polish groups (of rank 2), which fail to satisfy the strong Glimm-Effros Dichotomy. On the other hand, Hjorth-Solecki [1999] and Kechris showed that it holds even for Polish groups admitting a complete left-invariant metric for all free actions.
Finally, very recently, Becker showed that although Polish groups which admit complete left-invariant metrics fail to satisfy the strong Glimm-Effros Dichotomy, they still satisfy the Glimm-Effros Dichotomy, in fact, in the following form.
Theorem (Becker [1998] 
Lecture IV Turbulence
We will describe here very recent work of G. Hjorth [1997a] (see also Kechris [1997] for an exposition of Hjorth's results).
Definition. Let E be an equivalence relation on a standard Borel space X . We say that E admits classification by countable structures if there is a Borel map assigning to each x E X a countable structure A x (with domain N in some countable language) such that xEy ¢:}A,~ Ay, i.e., invariants are countable structures up to isomorphism.
It is easy to see that if E is smooth, then it admits classification by countable structures (but the converse easily fails). Also by Lecture I, E admits classification by countable structures iff E ~B EL for some Borel S 00 -space
Y.
Examples. O(x, U, V) , is the connected component of x in this graph.
Definition. The Polish G-space X is turbulent if every orbit is dense and meager, and every local orbit is somewhere dense (i.e. , its closure has nonempty interior).
Examples. Let JR<N ~ G ~ JRN be a Polishable subgroup, i.e., a Borel subgroup of JRN which is Borel isomorphic to a Polish group. An example of such a G is f!', for 1 5:. p < oo. Then the translation action of G on JRN is turbulent (when G is viewed as a Polish group). Similarly for many Polishable subgroups of Z~. On the other hand Hjorth and Kechris have shown that any closed subgroup of a countable product of locally compact groups and closed subgroups of 8 00 never has turbulent actions.
We now have:
Theorem (Hjorth [1997a] ; see also Kechris [1996] In fact, if we call a Polish G-space generically turbulent, if its restriction to an invariant dense Go is turbulent, we have the following characterization.
Theorem (Hjorth [1997a] One now has the following dichotomy, at least for GE-groups.
Theorem (Hjorth [1997a] This is proved by an appropriate "changing the topology'' technique. Using model theoretic ideas -an analog of the Scott analysis of countable structures -one assigns in a Borel way to each x E X a countable struc- The following application of these results has been observed by Kechris: Measure equivalence and conjugacy on U(H) do not admit classification by countable structures (in contrast with the examples above concerning automorphism with countable discrete spectrum). It was conjectured that conjugacy on Aut( X, Jl.) does not admit classification by countable structures. This has now been proved by Hjorth [1997b] . At the t ime of the workshop it was also open whether conjugacy on U(H), Aut( X, Jl.) is generically turbulent. It has been recently proved by Kechris-Sofronidis [1997] Theorem (Hjorth [1997a) (I) in the preceding theorem essentially says that E8 admits classification by countable structures, albeit in a somewhat weaker form, since the classifying map is poLl~ but not necessarily Borel. Thus, intuitively speaking, this shows that even for arbitrary Polish groups G, the precise obstruction for classifying orbit equivalence relations Ea by countable structures is turbulence. It would be nice to replace "poLl~" by "Borel", so that one has the full Hjorth dichotomy valid for arbitrary {not just GE groups), but this is still open.
